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ABSTRACT

Sweet’'s mechanism for the merging of two oppositely directed
magnetic fields in a highly conducting fluid is investigated in a
semi-quantitative manner. It is shown that two oppositely directed
sunspot fields with scales of 10* km could be merged by Sweet’s mech-
anism, if shoved firmly together, in about two weeks; their normal
interdiffusion time would be of the order of 600 years. It is suggested

. that Sweet’s mechanism may be of considerable astrophysical im-
portance: It gives a means of altering quickly the configuration of
magnetic fields in iorized gases, allowing a stable field to go over
into an unstable configuration, subsequently converting much of
the magnetic energy into kinetic energy of the fluid.

I. INTRODUCTION

Sweet (1956) has recently pointed out that when two oppositely directed
nagnetic felds of scale L in a highly conducting medium are shoved against each
sher, an interesting situation arises in which the two fields will interdiffuse in
limes small compared to the usual diffusion time L’s/c’; ¢ is the conductivity in
1. Sweet’s mechanism may be of importance in rapidly altering the connectivity
of magnetic fields associated with activity in the solar atmosphere, ete.: For
istance, a sunspot field, L = 10° cm, has an ordinary diffusion or decay time of
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the order of 2 X 10 sec, where the temperature is 10* degrees Kelvin and ¢
1.8 X 10™ esu; with Sweet’s mechanism, it is conceivable that two such oppositey
directed fields can be interdiffused and their lines of force reconnected in 1(f
seconds or less.

The rapid interdiffusion of two oppositely directed fields when they are presse]
together by external forces arises from the fact that the field vanishes on the
surface between the two oppositely directed regions, and the entire compressive
stress falls on the conducting fluid. The fluid responds to the excess pressure by
flowing out of the region along the lines of force, and the two oppositely directed
magnetic fields approach each other more and more closely, according to the
usual hydromagnetic equation

B

'5'{=VX(VXB) ........................ i}
in a medium of large electrical conductivity. Consequently, the gradient in the
field density across the neutral surface between the fields increases without limit,
until no matter how large may be the electrical conductivity o, the diffusion tem
(¢*/4ruc) V*B, omitted in (1), becomes comparable to the dynamical term V X
(v X B), and the two oppositely directed fields interdiffuse as rapidly as the
effiux of fluid from between the fields allows them to approach each other. The
process is shown schematically in Figure 1 for two bipolar sunspot fields af the
same solar latitude. Initially, the fields are widely separated and have no inter
connecting lines of force. In Figure 1(a), we imagine that suitable fluid motionsin
the dense gases beneath the photosphere have shoved the two fields together, with
the distortion shown. The high electrical conductivity of the solar atmosphen
prevents interconnection of the lines of force. However, with the outflow of the
gas caught between the two fields, as indicated in Figure 1(b), the gradient in B
across the. neutral plane increases until rapid interdiffusion takes place and the
lines of force reconnect, as shown in Figure 1(c).

If [ is the characteristic length of the gradient in B across the neutral plane,
then the decay time of the field in the region of this gradient is of the order d
Ps/c®. The velocity u with which the fields merge is I/(I’s/c’),

uc/ls

The fluid expelled along the lines of force over a front of width L achieves a velocity
v, where

v=yuL/l

based on geometrical considerations. The pressure B?/8r available for squeezing
the fluid out along the lines of force leads to the conclusion that

3o’ = B*/8r
from energy considerations; hence v &< C, , where C, is the characteristic hydr-
magnetic velocity B/(4xp)'/. Therefore, it follows that
u 22 ¢(Co/Lo)"*
/L =2 ¢/(CoLo)'"?
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Fie. 1—(a) Two widely separated bipolar sunspot groups at the same solar latitudes
(b) The distortion of the bipolar fields as the groups are shoved together
(¢) The reconnection of the lines of force in a week or so, as a consequence of
Sweet’s mechanism

‘W“lthout Sweet’s mechanism, the diffusion velocity would be ¢*/Ls, which is equal
to (/L)u. For the case of two bipolar sunspot fields of 1,000 gauss, L 22 10°cm,
721.8 X 10" esu, and p = 10”%gm/em®, we have C, =2 100 km/sec, u 22 7 m/sec,
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and I/L 22 0.7 X 107*. We see how thin, 107*L, is the transition layer [ in which
the diffusion takes place.

II. EXPULSION OF FLUID

To understand the physical process involved in Sweet’s mechanism, consider
first how the fluid caught between two magnetic fields might be squeezed from
between by pressing together the fields. Let us suppose that initially we have two
infinitely conducting sheets at # = = ¢, as shown in Figure 2. We fill the thin
layer between the two sheets with infinitely conducting inviseid fluid. OQutside

xz-2a x=—€fx= +¢ xm+3

Fre. 2—Schematic diagram of two oppositely directed magnetic fields shoved against two super-
conducting sheets at £ = == e by suitable motions, beyond z = = a, of the infinitely conducting
fluid outside the sheetsatz = + ¢ °

the sheets, we introduce the magnetic field B with lines of force everywhere paralld
to the zy-plane and expressible as the gradient of a scalar potential ¥,

so that B exerts no force on the conducting fluid there. To fix ideas, we.suppos
that the field B is in the grip of hydrodynamic forces in the conducting fluid beyond
£ = = a and is held in such a way that B, = Oonz = =% a and
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B, = +Bo(y/b) exp (—y'/b")
stz = +a,

B. = —Bqy(y/b) exp (—4*/b")
at ¢ = — 0. As a consequence of the infinitely conducting sheets at £ = + ¢
(e K a), the field will not penetrateinto — e <z < + ¢ and B, =0onz = =%
With B= — V¢in —a <z < — eand + ¢ < 2 < + q, it is readily shown
that

Bob*
o) = =70 [ ‘l’“Tfﬁnk—’W cosh k(z = & exp (—kb?/4) ®

where £ is +for —a <z < - eand — for + ¢ < ¢ < 4+ a. It follows that
the field density at z = & eis

Bob® ** dk k cos k
B,(%e, y) = F2—= Cos Ky 7232
eV = F o= | “mh ke O (HV/Y

If the forces beyond z = = a press the two fields on either side of z = = ¢ together
sufficiently firmly that the fields are considerably compressed in the z-direction
and a < b, then we may expand sinh ka about & = 0 and carry out the indicated
integration, obtaining
B,(¢, y) ~ (Bob/24") exp (—¢/¥) }
X {1 — $(@*/b)(A — 2¢°/6") + 0%(a/b)}
The pressure exerted by the magnetic field on the two superconducting sheets
atz = = eis just p = Bj (& ¢, y)/8x. If we remove the superconducting sheets,
so that the pressure is brought to bear directly on the field-free infinitely conducting

fuidin — ¢ < ¢ < 4 ¢, then the motion of an element of fluid with position ¥ (f)
isgiven by

Y 18
dé p oy

Multiplying by d¥/d¢ and integrating, we have
1 (d_Y)’ [l
2\dt/ f Y(0) dy p oy

For incompressible flow, p is a constant, and

o C8{en[270] o[ of)

where C, is the characteristic hydromagnetic velocity B,/(4mp)'/>.
To compute Y () as a function of ¢ and ¥(0), we expand Y(t) in ascending
powers of t. We may then carry out the integration, obtaining

10 - vt + () exp [ 220
+ & (@)1 - 0] o [-170] 1 o( @)}

..(B}
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The coefficient of the term O*(C,t/a) is small because of the numerical factor
1/96; it vanishes when ¥(0) = %b, and is negligible for ¥(0) > 3b because of the
exponential. Therefore, we may to good approximation neglect the term O“(C,t/q)
considering only the first two terms in the expansion. It follows that

H

dY(f)/dt 22 2C,[Y(0)/a](Cst/a) exp [—27*(0) /b’]} ......... o
= 2[Y () — Y(0)]/¢
Y(0) may be expressed in terms of Y'(t), so that
Y(0) = Y(t){l ~ (& exp [—“”;ﬂ] + o‘(%t)} ......... o
Then, writing v, = dY(#)/dt, y = Y (f), we have
v, = 2C(y/a)(Cot/a) exp (—2¢*/b") + O*(Cot/a) ............ ®

We let I(y, &) represent the width, in the z-direction, of the layer of field-free
fluid at the position y and time t; we see that I(y, 0) = 2e. By integrating the

equation of continuity V - v = O for the fluid velocity from x = — 3 l(y, ) to
z = -+ %1y, ), we find that
ally, /ot + Uy, D, /3y), =0 ...l ®

Hence, we find from equation (8) that

2 2 2
ity, ) = Uy, 0){1 - (%) (1 _4 %5) exp (—%—) + 0"(C’ot/a)}. ..(10)
Near the z-axis, y° < b°, and I(y, t)/l(y, 0) is essentially independent of y; the
field-free layer remains uniform as it decreases its thickness. For larger values of
y?/b’, the decrease in thickness is not as rapid. No decrease occurs at y* = b’, and
for 4* > b® the thickness increases; the fluid escaping from the high pressures in
y* < b inflates the low pressure region of 3° > b”, though, of course, the exponential
factor exp (—2y°/b%) indicates that the inflation is not large.

III. MERGING OF FIELDS

Consider the rate at which two oppositely directed magnetic fields can merge,
as a result of the squeezing out of the conducting fluid initially caught between
them. Unfortunately, we are unable to solve simultaneously both the hydrodynamie
equation for the motion of the fluid and the hydromagnetic equation for the
magnetic field B. Since we have already discussed the hydrodynamic motions
in a qualitative manner, we shall solve the equation for B in a formal manner,
assuming an idealized form for the fluid motion based on the qualitative picture
obtained in Section II. Thus, our final results will not be quantitative; we hope
that they will represent a qualitative picture of the interdiffusion of B.

We shall restrict ourselves to steady-state conditions, so that 6/d¢ = 0, and
to the case considered in Section IT, where the fields are pressed so closely together
that a < b. Then, except in the region where y* > b?, we have that v./2, , B:/By,
and (3/dy)/(3/9z) are all small, O(a/b). The z-component of the hydrodynamie
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equation,
av/at + (v-V)v = —(1/p)V[p + B*/8z] + (1/4zp)(B-V)B ..... an
becomes

(8/82)(p + B*/8x) = O*(@/b) ..o, (12)

In Section I, we pointed out how thin is the transition layer, of thickness I, in
which the diffusion takes place between the two oppositely directed fields. For
> B, the field varies so slowly (8/dz = O(1/a), as compared to O(1/1), that
for out present purposes we may regard | B (z, y) | as independent of z. Thus,
we let

hd B(x: y) = B,,(:l’:é, y)

for z* > I*, where B(z, y) = | B(z, ¥) | and where B, (& ¢, ) is the field given
in (4). We suppose that the hydrostatic pressure is p, at infinity. Therefore, upon
integrating (12), we obtain

p(z, y) + Bz, y)/87 2 po + Bi(e, 9)/81 oo (18)

We cannot integrate the y-component of (11) because of the complications
introduced by the non-linear term v,dv,/dz. However, in Section II, we found
that the expulsion of fluid from between the two fields proceeds in an orderly
and nearly uniform manner. In the region y* < b°, we may expect to retain the
essential features of the expulsion if we introduce the qualitative argument that
the elongation dv,/dy of a fluid element at a given point is proportional to the
velocity which the excess pressure, p — p, , at the point is capable of producing.
We write

1/2 l

%=(p—_p_o) L

dy P
Lis a constant of proportionality, and is O(b). Using (13), we obtain

a, [Bﬁ(e, ) — Bz, y):l”2
ay = S’M'sz .....................

We would like to demonstrate in our final calculations to what extent com-
pressibility may enhance the merging of the two fields. The thinness of the
transition layer (I < L, b) in which the fluid is expelled suggests that it is not
unreasonable to suppose that the compression may sometimes be essentially
isothermal; we write

p = po(0/P0)
The equation of continuity under steady-state conditions becomes
9 -,
9z (vzp) - p ay vy ay

Aty = 0, dv,/dy is finite and v, vanishes. Hence, for 4° < b, we write



516 E. N. PARKER J. Guorays. Rus., 62, 195

2 o= —p
25 P = pay ........................ (15

The hydromagnetic equation

BB_ _02__ 2
Y -—VX(VXB)+4WVB
may be written

V X [¥XB— (*/470)V X B] =0

when 8/8t = 0. Integrating, we find that

VXB=(/40)V XB+VE® ................. (16)
where & is some scalar function of position. Since B, and dB./dy vanish at y = (,
it follows that (16) reduces to .

v,B, = < 9B, + Ve
= dne Or

in the region about y = 0. Since v, = 0 at z = 0, we may evaluate V& to be equal
to dB,/dz at x = 0, or

v.B, = % [‘Zi; - (%)0] ................... )

To determine the velocity with which the two oppositely directed fields are
carried into each other, we must compute », outside the transition layer. Outside
the transition layer, 8B,/dz = B/L and is negligible. Hence, from (17), we find
that the velocity v. at which the fields merge is just

ve = m (‘Z’i)o ..................... (19

We now use (14) to eliminate dv,/dy, and (17) to eliminate v, , from (15). We
use (13) to eliminate p. Since we resfrict ourselves to the region near y = 0, we
may write B = B, . We obtain

(Pt e - )] "
= —n8(¥)[8°W) — B'(z, y)I'*[B2(y) — Bz, YI'"”

where ‘
Boa(t) =B6,4) wuvuvvrernniiiaae i, (20)
B() =8mpo + Bie,4) -vriiiiiiiaiinns ()
n = 4wopy /o LBWY) .o 2

For convenience, we let
6=B@, W/Be, 1) oo (2)
fi¢) = (BB/3x)/(OB/AZ)g. . - -« v v (4
E=Be, )/BH) e (25)
treating ¢ as the independent variable in place of z. Then (19) may be rewritten
2,2 2\1/2

p =D AEES) | AL o o
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where the lengths A and \ are equal to B./(0B/dy) and (9B/dy)e/nBa , re-
gpectlvely We note from (23) that ¢ < 1, since B, (¢, ¥) is the value to which

B(z, y) rises as we leave the transition region, in the vicinity of z = 0. £ is also
less than or equal to unity.

We may expand f(¢) about ¢ = 0 in ascending powers of ¢. We obtain
f@) = 1 — (A/N¢” + A/ — 58 — 24/N¢*
+ /N + 14£/3 — 976°/3 + (16/3)(A/N(L — 3) p....(27)
~ (32/3)(4/N° + ---

We cannot expand f(¢) in an ordinary power series about ¢ = 1 (B = B.)
because it is not a regular point of the equation. We shall find, however, that
when ¢ is close to unity, f(f —1)/¢ is small in comparison to fdf/d¢é. Thus, we may
solve the equation by reiteration. The zero-order function f'’(¢) satisfies

) dfm A o1 — ¢H)? _
f +3 1 —EN" = | (28)

We shall suppose that compress1b1hty effects are small, £ < 1. Then, neglecting
terms 0*(£), we readily find that

o6 = (B0~ i+ S s} +00 e

Because 0B/0y essentially vanishes once we have left the transition region, we
have the boundary condition f(1) = 0.

We now return to (26), using f*’(¢) in the term involving f(f — 1)/¢ and
computing f*(0) from

fu) dfm O30 ~ 1) (1 + E’tb’) + Aol — D)2 _

@ I—Ez¢2 )\(1—'£2¢21/2_

Noting that

f du(l — W¥*/u = 2{3 (1 — w)** 4 arctan (1 — %)** — arctanh (1 — u)”‘}
we readily find that
(1) 2A 5 2\3/2 21/2 2\1/2 ]
@) = {{( )[ 1 — ¢)** 4 2(1 — ¢")** — 2 arctanh (1 — ¢°) ]
- 2(%%)1/2[5 (1 —.¢H¥* + arctan (1 — ¢°)"/* — arctanh (1 — ¢ ‘:I}
+¢ {( )[2(1 )" + 16_9 (1 —¢)"”* — % (1 —¢)* L (30)

_ L NY _ gé)l/z[?_ 42 3/4 __ ﬁ _ 7/4
2 arctanh (1 — ¢%) :I (37\ 3(1 %) 7(1 ")

+ arctan (1 — ¢%)'/* — arctanh (1 — ¢’)”‘:|}}
We note that (1) = 0, as required.



518 E. N. PARKER J. Gzorays. Rus,, 62, 1957

We must now adjust A/X in such a way that the series expansion about ¢ = (,
given in (27), connects into the reiteration solution about ¢ = 1, given by (30),
We shall require that they meet at ¢ = 3/4, which we shall find gives a smooth
curve; both f(¢) and df/d¢ appear to be continuous across ¢ = 0.75. Equating
1(0.75) to §¥(0.75) leads to a transcendental equation, requiring numerical solution.
For the case of incompressibility, £ = 0, we find that A/A = 0.820; when { = 0.316,
we find that A/x = 0.772. f(¢) is shown as a function of ¢ in Figure 3.
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F1a. 3—3B/az (in units of 8B/9z at z = 0) as a function of B(z, y) (in units of the field der
sity outside the transition region) for incompressible (¢ = 0) fluid motion and for slightly
compressible (¢ = 0.316) fluid motion

From (20), (21), (22), and (25), it is readily shown that
L5 ), - [ ()]
B,,(E, y) ox /o - ch Po A

e Q) o]

3 ¢ A 1/2(£)1/z i/
= Ae (A) iz 178

C is the hydromagnetic velocity B,(e, ¥)/(4mpo)** outside the transition region

(18) becomes
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Hence, when £ = 0, we have

¥o = 0.263 ¢(C/cL)"*
when £ = 0.316,

Vo = 0.253 ¢(C/oL) %o (33)

(32) and (33) serve as crude estimates of the numerical factors omitted in the
dimensional arguments presented-in Section I. We see that, in terms of C, va
decreases slightly with increasing compressibility: The gradient (8B/dy), across
the transition region tends to be enhanced by the compression, as indicated by
the smaller value of A/\, but the expulsion of the fluid is slower because of the
increased density upon compression; the net effect is a slight decrease in v, when
related to the hydromagnetic velocity in the uncompressed gas. The net effect
is slight. We must exercise caution, however, in applying our result, that com-
pressibility slightly decreases the rate at which the fields merge, because the sign
of the effect depends eritically on the form of dv,/dy which we have assumed in
constructing (19).

IV. CONCLUSION

Sweet’s mechanism means that the reconnection of the lines of force of magnetic
fields of scale L is not limited to the long time of L’¢/c® and the slow merging
velocity ¢(c/oL) which one would obtain from the diffusion equation

B_ &

at 4o
When the velocity term ¥V X (v X B) is included, the merging velocity of two
fields becomes of the order of ¢(C/cL)"?, which may be very much larger. C is
the hydromagnetic velocity B/(4xp)"/. The ratio of Sweet’s velocity of merging
to the diffusion velocity is (C/c)*? (¢L/c)*?, which becomes large for large electrical
conductivity, large scale, and/or large hydromagnetic velocity. Two fields need
not be antiparallel for the Sweet’s mechanism to work effectively: In Figure 4,
we show schematically the process of merging two flux tubes which are perpendicular
to each other; the process is to be compared with that computed from the diffusion
equation alone (Parker and Krook, 1956).

We suggest that Sweet’s mechanism may be of great importance in producing
reconnection of the lines of force of a magnetic field into a configuration such that
its energy becomes available for mechanical motions, ete. A solar flare may be an
example of this (Parker, 1957).

We also suggest that the high electrical conductivity (Storey, 1954) of the gas
within a few earth’s radii of our planet does not necessarily exclude the penetration
of exterior magnetic fields; ¢ = 10" esu, L = 10° em, and a density of 107** gm/cm®
leads to a merging velocity of the order of 0.1 km/sec: We suggest that the argu-
ments we have presented elsewhere (Parker, 1956) against the Chapman-Ferraro
ring-current model of the geomagnetic storm may lose some of their force.

Finally, we wonder if it is possible that Sweet’s mechanism might modify
somewhat the diffusion and dissipation of the magnetic field in hydromagnetic
turbulence.

V’B
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T1g. 4—Schematic drawing of the merging of two perpendicular flux tubes by Sweet’s mechanism,

The fluid squeezes out of the region of contact of the two tubes by flowing along the lines of force

into the arms of the tubes. Following severing and reconnection of the lines of force, the tension

in the reconnected lines tends to make them pull away from the region of contact and followa
shorter path between the tubes, as shown.
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